An analysis has been carried out for the heat transfer on steady boundary layer flow of a secondgrade fluid bounded by a stretching sheet. The magnetohydrodynamic nature of the fluid is considered in the presence of Hall and ion-slip currents. The nonlinear mathematical problem is computed by a powerful tool, namely, the homotopy analysis method (HAM). A comparative study between the present and existing limiting results is carefully made. Convergence regarding the obtained solution is discussed. Skin friction coefficients and Nusselt number are analyzed. Effects of embedded parameters on the dimensionless velocities and temperature are examined.
Introduction
The boundary layer flow and the heat transfer in viscous and non-Newtonian fluids over a stretching sheet is important in industrial and engineering processes such as aerodynamic extrusion of plastic or rubber sheets, cooling of an infinite metallic plate in a cooling bath, extrusion of polymers or filament from a die, glass blowing, continuous casting, spinning of fibers, and crude oil extrusion. After the seminal study of Crane [1] , several attempts [2 -5] have been made on this topic. The heat transfer characteristics for such flows have been also studied by the researchers [6 -16] . The quality and properties of the industrial products can be controlled by stretching rate, cooling rate, and magnetohydrodynamics (MHD). Besides this, the MHD flows are important in power generators, MHD accelerators, refrigerations coils, transmission lines, electric transformers, and heating elements. Some workers [17 -19] have already reported the MHD flows in the presence of a Hall current. Such considerations of magnetohydrodynamic flow are useful in levitation and pumping of liquids in mechanical engineering, boundary layer control, and transpiration processes in aerodynamics.
However, the effect of heat transfer on threedimensional stretching flow of a second-grade fluid with Hall and ion-slip currents has not been reported so far. Therefore, the main objective of this paper is to study such effects. In this paper we use the homo-0932-0784 / 10 / 0800-0683 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com topy analysis method (HAM) [20 -37] to solve the nonlinear system for heat transfer characteristics on the three-dimensional flow of a second-grade fluid. In Section 2, the mathematical formulation, definition of skin friction coefficients and Nusselt number are presented. Section 3 extends the application of HAM to construct series solutions of the governing nonlinear system. Section 4 analyzes the convergence of HAM solutions. In Section 5, the results and discussion are given. The results for limiting cases are compared with the already existing results [38 -41] . The conclusions are summarized in Section 6.
Mathematical Formulation
We consider heat transfer characteristics on steady, laminar, and three-dimensional MHD flow of an incompressible second-grade fluid over a stretching surface coinciding the plane y = 0. The fluid is electrically conducting and the stretching surface is electrically non-conducting. A uniform magnetic field B 0 is applied parallel to the y-axis. The effects of Hall and ion-slips currents are taken into account. Due to the Hall current, there is a force (Hall force) in z-direction which induces a cross flow in that direction and, hence, flow becomes three-dimensional. Furthermore, viscous dissipation and Joule heating are considered. The corresponding boundary layer equations are
Here u, v, and w are the velocity components in x, y, and z-directions, α 1 (≥ 0) is the material constant, ν is the kinematics, ρ is the density of fluid, σ (= e 2 n e τ e /m e ) is the electrical conductivity, p (= ω e τ e ) is the Hall parameter, β i (= en e B 0 /(1 + n e /n a )K ai ) is the ion-slip parameter, τ e is the electron collision time, m e is the mass of the electron, ω e is the electron frequency, n e is the electron number density, n a is the neutral particle density, K ai is the friction coefficient between ions and neutral particles, K is the thermal conductivity, and c p is the specific heat of the fluid.
Invoking similarity variables
in (1) - (5), one obtains
in which
respectively, are called the second-grade parameter, the Hartman number, the Prandtl number, and the local Eckert number. Here it is worth mentioning that the case for p = 0 corresponds to the situation when Hall current is absent and β i = 0 corresponds to the case when ion-slip current is not present. The skin friction coefficients C f x , C g x and Nusselt number Nu x are defined by the following expressions
where Re x = ax 2 /ν is called the local Reynolds number.
Solutions by Homotopy Analysis Method

Zeroth-Order Solutions
The HAM solutions f (η), g(η), and θ (η) in the form of base functions
can be expressed by the following infinite series:
where a k m,n , b k m,n , and c k m,n are the coefficients. Invoking the so-called rule of solution expressions, the initial guesses and linear operators L i (i = 1 -3) are chosen as
and the linear operators L i (i = 1 -3) satisfy the following properties:
where C i (i = 1 -7) are arbitrary constants.
Zeroth-Order Formation Problems
The zeroth-order deformation problems are
In the above expressions q ∈ [0, 1] andh i = 0 (i = 1 -3) are the embedding and auxiliary parameters, respectively, and Φ(η;0)
When q varies from 0 to 1, then Φ(η; q) varies from the initial guess f 0 (η) to f (η), Ψ (η; q) varies from the initial guess g 0 (η) to g(η), and Θ (η; q) varies from the initial guess θ 0 (η) to θ (η). The nonlinear operators N i (i = 1 -3) are given below:
By using Taylor's theorem, one can write
Higher-Order Deformation Problems
Writing
the deformation problems at the mth-order are
The general solutions of problems (27) are
where f * (η) and g * (η) are particular solutions of problems (27) .
Convergence of HAM Solutions
The convergence of the HAM solutions and their rate of approximations strongly depend upon the values of the auxiliary parameters. For this purposeh icurves are plotted through solutions, Table 1 is constructed. This table shows that the convergence is achieved at 40th-order of approximations.
Results and Discussion
The purpose of this section is to see the influence of the pertinent parameters on the dimensionless tangential velocity f (η), lateral velocity g(η), and dimensionless temperature θ (η). Figures 4 -7 describe the effects of Hartman number M, second-grade pa- figure also shows that the dimensionless lateral velocity g(η) = 0 for M = 0 (p = 0) which is expected since the flow in z-direction is due to the Hall effect. Figure 9 depicts that g(η) decreases near the stretching sheet by increasing the second-grade parameter α but increases away from the stretching sheet. Figure 10 represents that the dimensionless lateral velocity g(η) increases when the Hall parameter p is increased. Furthermore, one can see that for p = 0 (in the absence of Hall current) g(η) = 0 and the flow becomes two dimensional. Lateral velocity g(η) is a decreasing function of the ion-slip parameter β i (Fig. 11) 
Final Remarks
In this paper, we have investigated the effect of heat transfer on magnetohydrodynamic (MHD) steady flow of an incompressible second-grade fluid in the presence of Hall and ion-slip currents. Resulting problems are solved analytically by the homotopy analysis method (HAM). Main findings of the analysis can be summarized as follows:
• Dimensionless tangential velocity f (η) is a decreasing function of M whereas dimensionless lateral velocity g(η) increases by increasing M.
• Effect of β i on f (η) is opposite to that of β i on g(η) but p has the similar effects on f (η) and g(η).
• Qualitatively, behaviour of α on f (η) and g(η) is similar.
• Effects of p and β i on f (η) are similar.
• Behaviour of M is opposite to that of p, β i , and Pr on θ (η) but similar to that of Ec.
• Effects of p and β i on f (η) and θ (η) are opposite.
• Qualitatively, influence of β i on g(η) and θ (η) is opposite.
• Skin friction coefficient (Re x ) 1/2 C f x is an increasing function of M and α whereas it decreases when p and β i are increased.
• (Re x ) 1/2 C g x increases by increasing M, α, and p and decreases with an increase in β i .
• Effects of Pr and Ec on θ (η) are opposite.
• (Re x ) −1/2 Nu x is an increasing function of α, β i , Pr, and Ec but it decreases when p is increased.
• Boundary layer thickness corresponding to tangential velocity f (η) can be reduced by applying magnetic field, and Boundary layer thickness corresponding to lateral velocity g(η) can be decreased by ion-slip current.
• Thermal boundary layer thickness can be controlled through p, β i , and Pr.
